Complexity One Hamiltonian Torus Actions (Transformation groups from new points of view) by 宅間, 俊志
Title Complexity One Hamiltonian Torus Actions (Transformationgroups from new points of view)
Author(s)宅間, 俊志




Type Departmental Bulletin Paper
Textversionpublisher
Kyoto University
Complexity One Hamiltonian Torus Actions
(Shunji Takuma)
Graduate School of Science, Osaka University
$2(n+1)$ $M$ $n$ $T$ (
) , complexity one ,
complexity one space . , Y.Karshon S.Tolman complexity
one space . ,
, complexity one space genus
.
$(M, \omega)$ , Lie $G$
$g\in G$ , $g^{*}\omega=\omega$ . $(M, \omega)$
$G$ , ( $G$ Lie 9‘
$G$ coadjoint action ) $\Phi$ : $Marrow \mathrm{g}^{*}$
: $\iota_{\underline{\xi}}\omega=-d\langle\Phi, \xi\rangle,$ $\forall\xi\in 9$ . , $\underline{\xi}$ $\xi$ $M$
. $\langle\Phi, \xi\rangle$ $\mathrm{g}$ $\mathfrak{g}^{*}$ . $\Phi$
.
Lie $G$ ( Lie ) $T$ , Lie $\mathrm{t}$
$\mathrm{t}^{*}$ coadjoint , $T$ $T$
. $T$ , .
1. $M_{H}=\{x\in M|G_{x}=H\}$ $C_{/}$ , $\Phi$ $C$ $H$ Lie $\mathfrak{h}$
annihilater $\mathfrak{h}^{[perp]}$ .
$\Phi(C)\subset\alpha+\mathfrak{h}^{[perp]}$ , where $\alpha=\Phi(x),$ $x\in C$
, 1 .
2. $M$ $\Phi(M)$ ,
. , .
$M$ $\dim M=2\dim T$ , $(M, T)$ Delzant space(
, toric manifold) . Delzant space
:
1. $\dim T$ .
2. ( ) .
1290 2002 1-6
1
3. , 2. , dirn $T$
$\mathrm{t}^{*}$ ( $\mathrm{e}\mathrm{x}\mathrm{p}:\mathrm{t}arrow T$ ) $\mathbb{Z}$-basis .
Delzant polytope . Delzant space ,
, Delzant polytope
. , Delzant polytope
Delzant space . , Delzant space Delzant polytope
[G].
Delzant space $T$- , complexity
one space $T$- .
. ,
[KT1] , complexity one Hamiltonian torus action
. , . $2(n+1)$ symlectic manifold
$(M, \omega)$ $n$ $T$ ,
$\Phi$ : $Marrow \mathrm{t}^{*}$ (proper) . , $\Phi$ $\mathrm{t}^{*}$
$U$ . , $(M, \omega, \Phi, U)$ proper complexity one
space . 2 proper complexity one space $(M_{1}, \omega_{1}, \Phi_{1}, U)$ $(M_{2}, \omega_{2}, \Phi_{2}, U)$
, $f$ : $M_{1}arrow M_{2}$ , $\Phi_{1}=\Phi_{2}\circ f$
.
( ) [KT1]
2 proper complexity one space $(M_{1}, \omega_{1}, \Phi_{1}, U)$ $(M_{2}, \omega_{2}, \Phi_{2}, U)$ ,
:
1. Duistermaat-Heckman measure ,
2. (genus) ,
3.
$(*)\Phi^{-1}(\alpha)$ 2 ( ) .
$\alpha\in U$ , , $\alpha$ isotropy data .
, $U$ $\alpha$ $V$ , $V$ complexity one space
. ,
$(\Phi_{1}^{-1}(V), \omega_{1}, \Phi_{1}, V)\cong(\Phi_{2}^{-1}(V), \omega_{2}, \Phi_{2}, V)$
.
1. , symplectic quotient ‘. ”
Duistermaat-Heckman . Duistermaat-Heckman measure ,




$(*)\Phi^{-1}(\alpha)$ 2 ( ) .
, $\Phi^{-1}(\alpha)/T$ 2 . , $\alpha$
$(*)$ , . ,
$\Phi(M)$ $(*)$ . ,
, $(M, \omega, \Phi, U)$
. complexity one space (genus) .
3. $\Phi^{-1}(\alpha)$ 2 (orbit type) , (exceptional orbit)
. isotropy subgroup
. $\Phi^{-1}(\alpha)$ isotropy
(weight) $\alpha$ isotropy data .
, complexity one space
. , .
$\Phi(M)$ . $M^{T}$
$\Phi$ : $Marrow \mathrm{t}^{*}$ 1 ,
extremal . , 0
.
. compact connected complexity one space $(M, \omega, \Phi, \mathrm{t}^{*})$ extremal isolated fixed
point , 0 .
, weighted $\mathrm{X}$-ray D.S.Metzler[M] ,
generalized symplectic quotient Euler ( recursive formula .
.
weighted $\mathrm{X}$-ray. $M^{2(n+1)}t\mathrm{h}T^{n}$ - $\{T_{j}\}_{j}$
: $M=$ jm$=1X_{j}$ ( , $X_{j}$ $M_{T_{j}}$ ). $X_{j}$ $F_{j}$ $\text{ }:F_{j}=\overline{X}_{j}$ .
$F=F_{j}$ . $\mathcal{F}$ $\{\Phi(F_{j})\}_{F_{j}\in F}$ $\mathrm{X}$-ray ,
$(F_{j}, \Phi(F_{j}))$ wall . wall $(F_{j}, \Phi(F_{j}))$ , $p\in X_{j}$
$T_{p}M$ $T_{j}$ isotropy $\mathrm{w}\mathrm{e}\mathrm{i}\mathrm{g}\mathrm{h}\mathrm{t}\mathrm{s}$ { $\eta_{1},$ $\ldots$ , \eta n+l}( $\eta_{k}$ $\mathrm{t}^{*}$
) $\alpha_{j}$ . $\alpha_{j}$ . $X_{j}$ ,
$\alpha_{j}$ $p\in X_{j}$ . 3 $(F_{j}, \Phi(F_{j}),$ $\alpha_{j})$
weighted $\mathrm{X}$-ray . wall $\Phi(F_{j})$ .
$\mathrm{w}\mathrm{a}11(F_{j}, \Phi(F_{j}),$ $\alpha_{j})$ , $F_{j}$ $T/T_{j}$
, $\Phi_{j}$ : $F_{j}arrow \mathrm{t}_{j}^{*}$ $\Phi(F_{j})$
. $\Phi(F_{j})$ $\beta$ $\Phi_{j}$ , , symplectic





. , symplectic quotient
generalized symplectic quotient .
recursive formula for Euler numbers. ( , weighted $\mathrm{X}$-ray
$\mathrm{w}\mathrm{a}11(F_{j}, \Phi(F_{j}),$ $\alpha_{j})$ ( generalized symplectic quotient $F_{j}//T$ .
Euler ( $\Phi(Fj)$ ) $\chi(F_{j})$ . ,
2 wall $(F_{i}, \Phi(F_{i}),$ $\alpha_{i})$ $(F_{j}, \Phi(F_{j}),$ $\alpha_{j})$
$\mathrm{w}\mathrm{a}11(G_{k}, \Phi(G_{k}),$ $\beta_{k})(k=1, \ldots, l.)$ . ,
[Metzler].
$\chi(F_{j})-\chi(F_{i})=\sum_{k=1}^{l}(f_{k}-b_{k})\chi(G_{k})$
, $f_{k}$ , $\mathrm{w}\mathrm{a}11(G_{k}, \Phi(G_{k}),$ $\beta_{k})$ weight $\Phi(F_{j})$
, $b_{k}$ , $\Phi(F_{i})$ . , $F_{i}$
$F_{j}$ $\Phi(M)$ ,
$\chi(F_{i})=0$ . .
. $p\in M$ extremal isolated fixed point .
$p$ isotropy weghits 0 , $(n+1)$ .
$\mathrm{X}$-ray , $A_{0}=\Phi(p)$ 1 wall $(n+1)$
. , $A_{0}$ $n$ $\mathrm{w}\mathrm{a}11(F_{n}, A_{n}(=\Phi(F_{n})))$
, $i=1,$ $\ldots,$ $n-1$ $\mathrm{w}\mathrm{a}11(F_{i}, A_{i})$ $A_{i}\subset A_{i+1}(i=0, \ldots, n-1)$
. ? $a_{i}(i=0, \ldots, n-1)$ $A_{i+1}$ , $\mathrm{w}\mathrm{a}11A_{i}$
weight ,
$a_{0}+a_{1}+\cdots+a_{n-1}=n+1$
. $a_{i}\geq 1$ , $a_{0},$ $\ldots,$ $a_{n-1}$ 2 1 .
, Euler recursive formula ,
$\chi(F_{n})$ $=$ $a_{n-1}\chi(F_{n-1})$
$=$ $a_{n-1}a_{n-2}\chi(F_{n-2})$
$=$ a -lan-2. . $a_{0}\chi(F_{0})$
$=$ 2 (since $\chi(F_{0})=\chi(\{p\})=1$)
$\chi(F_{n})$ , symplectic quotient ( ) Euler
, , 0 .
. .‘extremal” . , isolated fixed point
complexity one space .
. $T=S^{1}$. . symplectic structure 2 $S^{2}$ $g$
4
$\Sigma_{g}$ $M=X\cross\Sigma_{g}$ . $T$ , $X$ , $\Sigma_{g}$
. cornplexity one space 2 ,
$\Sigma_{g}$ extremal . ,
. , $F_{1}$ 1 symplectic
blowing up . symplectic $\overline{M}$ 3
, 2 $\Sigma_{g}$ 1 . , 2
extremal , isolated fixed point .
blowing up complexity one space .
, .
1 ( ) ,
.
, sympletic quotient ,
.
. .
(complexity one space )
g.enus $=0$ $\Leftrightarrow$ $\{$
extremal isolated fixed point
,
fixed component
genus $=g>0$ $\Leftrightarrow$ $g$ fixed component
. complexity one space , , 4 symplectic
$S^{1}$ , symplectic Delzant
space [AH, Aul, Au2, $\mathrm{K}$ ]. , complexity
one space , [KT2] , tall complexity one space
(symplectic quotient complexity one space)
.
[AH] K.Ahara and A.Hattori, 4dimensional symplectic $S^{1}$ -manifolds admitting m0-
ment map, J. Fac. Sci. Univ. Tokyo Sect. $\mathrm{I}\mathrm{A}$ , Math .38(1991),251-298.
[Aul] M.Audin, Hamiltoniens p\’eriodiques sur les vari\’et\’es symplectiques compactes de
dimension 4, G\’eom\’etrie symplectique et m\’ecanique, Proceedings 1988, C.Albert
ed., Springer Lecture Notes in Math.1416(1990).
5
[Au2] M.Audin, The topology of torus actions on symplectic manifolds, Progress in
Mathematics 93, Birkh\"auser Verlag, 1991.
[G] V.Guillemin, Moment maps and combinatorial invariants of Hamiltonian $T^{n}-$
spaces, Progress in Mathematics 122, Birkh\"auser $\mathrm{V}\mathrm{e}\mathrm{r}\mathrm{l}\mathrm{a}\mathrm{g},1994$ .
[K] Y.Karshon, Periodic Hamdtonian flows on four dimensional manifolds, Mern.
Amer. Math. Soc 672(1999).
[KT1] Y.Karshon and S.Tolman, Centered complexity one Hamdtonian torus actions,
Trans. Amer. Math. Soc 353(2001), 4831-4861.
[KT2] Y.Karshon and S.Tolman, Tall complexity one Hamiltonian toms actions.
Preprint, math $\mathrm{S}\mathrm{G}/0202167$ (18 Feb. 2002).
[M] D.S.Metzler, A wall-crossing formula for the signature of symplectic quotients,
Rans. Amer. Math. Soc.352(2000), no 8, 3495-3521.
6
